In this paper, the cell method (CM) is reformulated using augmented dual grids. In this way, the boundary of the discretized spacial domain can be properly dealt with and energetic quantities can be introduced, overcoming the well-known drawbacks of the CM. The details are given for electromagnetic boundary value problems, whose discretization can severely suffer from such drawbacks of the CM.
be discretized in terms of the integral quantities over the pair of boundary dual grids. Energetic quantities, such as the electric and magnetic energies, the power dissipated in the domain and the flux of Poynting's vector across the boundary, can now be estimated. In addition, the energetic quantities defining modal voltages and currents can be estimated in this way, from which scattering parameters can be determined [9] . Using the proven discrete counterpart of Green's identity, all the balance equations satisfied by the energetic quantities can also be discretized, such as Poynting's and Lorentz's reciprocity theorems. A microwave application example is used for validating the proposed formulation.
II. AUGMENTED DUAL GRIDS
Let G be a primal grid discretizing a spacial domain , having n n nodes, n e edges, n f faces, and n v volumes, and letG be an oriented dual grid having nñ = n v nodes, nẽ = n f edges, nf = n e faces, and nṽ = n n volumes.
As it is well known [1] , the topological description of the primal grid G is provided by the n e × n n edge-node incidence matrix G, the n f × n e face-edge incidence matrix C, and the n v × n f volume-face incidence matrix D. Similarly, the topological description of the dual gridG is provided by the nẽ × nñ edge-node incidence matrixG = −D T , the nf × nẽ face-edge incidence matrixC = C T , and the nṽ ×nf volumeface incidence matrixD = −G T .
Let now G b be the restriction of the primal grid G to the boundary ∂ of , having n n b nodes, n e b edges, and See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. element ofG b . The union of the dual gridsG andG b define an augmented oriented dual gridG a . The volume-face, faceedge, and edge-node incidence matrices ofG a , namedD a ,C a , andG a , respectively, can be derived from previous incidence matrices.
Property 1: It results iñ
Proof: The block matrix expression ofD a is obvious. In the block matrix expression ofC a , elements 11 and 12 are again obvious. Element 21 is zero since no face ofG b is incident in any edge ofG. It is now observed that the edgenode incidence matrix of G b is the submatrix of the edgenode incidence matrix G of G, obtained by selecting the edges common to G b through matrixC b and the nodes common to G b through matrixD b and it is given by −C T b GD b . Element 22 of C a , being the face-edge incidence matrix ofG b , is the opposite transpose of such matrix, thus (2) follows after recalling that D = −G T . Similar reasoning leads to (3) .
Clearly, matricesD a ,C a , andG a satisfy the orthogonality properties of incidence matrices 
h k being the diameter of k and |∂ k |, | k | showing, respectively, the measures of the surface ∂ k and the volume of k . Then, it results in the following. Property 2: The discrete energetic quantity x Tỹ provides an approximation of the energetic quantity
The convergence of this approximation is at least of first order with respect to the maximum diameter h of primal volumes.
Proof: Let it be X k = X(r k ) and Y k = Y(r k ), beingr k the position vector of the kth dual node. As a consequence of the regularity assumptions of X(r k ) and Y(r k ), it results in
and thus in
being˜ i a dual edge of unit tangent vectors t and i a primal face of unit normal vectors n. Then, using (5), it is
Now it is
being X k the gradient of ϕ k (r) = X k · (r −r k ), and being p i the position vector of the intersection of˜ i and i . Summing the two sides of (8) over all primal volumes and primal faces i and recalling the regularity assumptions on X(r), Y(r), and (5), it ensues
in which K 2 = M X M Y . Summing (6), (7), and (9), it results in
and the thesis follows.
In the same nonminimum regularity assumptions, property 2 can be proven, with similar reasoning, in the different case in which x is the array of circulations of X(r) along the edges of G andỹ is the array of fluxes of Y(r) through the faces ofG.
In addition, in the same nonminimum regularity assumptions, a property analogous to property 2 can be derived, for the discrete energetic quantities defined over the boundary ∂ . Let x b be the array of circulations of a vector field X(r) along the edges of G b andỹ b be the array of circulations of a vector field Y(r) along the edges ofG b . Then, proceeding as in the proof of property 2, it results in the following.
Property 3: The discrete energetic quantity x T bỹb provides an approximation of the energetic quantity ∂ X(r) × Y(r) · n(r) dr n(r) being the outward unit vector normal to ∂ . The convergence of this approximation is at least of first order with respect to the maximum diameter h.
By applying the two variants of property 2 together to property 3, a discrete counterpart of Green's identity straightforwardly follows. Let x andỹ be the arrays of circulations of vector fields X(r) and Y(r) along the edges of G andG, respectively. In addition, let x b =C T b x andỹ b be the arrays of circulations of the same vector fields X(r) and Y(r) along the edges of G b andG b , respectively. Then, it results in the following.
Property 4:
The identity
is a term by term approximation of Green's identity
IV. ELECTROMAGNETIC PROBLEM DISCRETIZATION OVER AUGMENTED DUAL GRIDS
The CM for discretizing electromagnetic boundary value problem in the frequency domain is now reformulated using previous results. As usual, the array e of circulations of the electric field E(r) along the edges of G and the array b of fluxes of the magnetic induction B(r) through the faces of G are introduced. Similarly, the arrayh of circulations of the magnetic field H(r) along the edges ofG and the arraysd,j of fluxes of the electric displacement D(r) and the electric current J(r) through the faces ofG are introduced.
In addition, the arrayh b with the circulations of H(r) along the edges ofG b and the arraysd b ,j b of the fluxes of D(r) and J(r), respectively, through the faces ofG b are introduced. The following arrays of integral quantities associated to the augmented dual gridG a are now introduced
These variables allow to write exact balance equations both on grid G andG a . Balance equations over the primal grid G are written as usual. Faraday's and the solenoidality equations of magnetic induction are
in which ω is the angular frequency. Exact balance equations over the augmented dual gridG a can now be written. Ampère-Maxwell equation isC
or equivalently, using property 1 (12) on the left byD a and using (4), the corrected forms of the continuity equation and Gauss' law with respect to those in CM follows:
Constitutive equations are discretized as usual using the integral quantities over G andG. For instance, for materials with symmetric positive definite permeability and permittivity tensorsd
in which M ε , M ν can be ensured to be symmetric, positive definite matrices by adopting the energetic approaches introduced in [6] - [8] . Quantity e b =C T b e over G b and quantityh b overG b provide the variables for discretizing boundary equations. For instance, admittance boundary conditions
are discretized by the approximate equations
in which M Y b is ensured to be symmetric, and also positive definite when Y b (r) is positive, by the energetic approach [8] .
Energetic quantities can be determined in both and its boundary ∂ using properties 1-3. The electric energy, the magnetic energy, the electric power dissipated within , and the flux of Poynting's vector across ∂ are discretized by
in which * shows complex conjugate transpose. In addition, the energetic quantities defining modal voltages and currents [9] , from which scattering parameters descend, can be discretized by property 3, in the form
in whichẼ * b andH * b are the arrays of circulations of the modal electric and magnetic fields along the edges of G b andG b , respectively, and Y c is the modal characteristic admittance.
As a consequence of property 4, all the balance equations satisfied by the energetic quantities can also be discretized. In particular, the discrete counterpart of Poynting's theorem holds 1 2h
Also, in the particular case of material constitutive relations (14) and of admittance boundary conditions (15), the discrete counterpart of Lorentz's reciprocity theorem holds V. NUMERICAL RESULT A matched section of rectangular waveguide, shown in Fig. 2, having width a, height 2a , and length 2a, is considered. The problem is discretized over tetrahedral grids of decreasing maximum diameters h and over barycentric augmented dual grids. Constitutive equations are discretized by the energetic approach [5] . A T E 10 mode is injected at z = 0 by a nonhomogeneous discrete admittance boundary condition (15) and the matching condition is set at z = 2a using the homogeneous discrete admittance boundary condition (15).
The voltage and current variables of the injected mode are determined by (16) at the frequency of 1.5 times the cutoff frequency. From such voltage and current, the reflection coefficient is estimated, as usual [9] . The error with respect to the exact zero value of exhibits a second-order convergence with respect to h, as shown in Fig. 3 .
It is noted that the conventional CM does not specify how to introduce admittance boundary conditions, but only electric or magnetic wall boundary conditions, which are not proper for the proposed example. Using either of these boundary conditions, a different reflection coefficient is computed, with | | = 1, as shown in Fig. 3 . Fig. 3 . Error in the estimation of the reflection coefficient as a function of h, using both the reformulated and the conventional CM. The dashed line shows a reference second-order convergence slope.
VI. CONCLUSION
In this paper, the CM has been reformulated using augmented dual grids, in such a way that it properly deals with the spacial boundary and with energetic quantities. The proposed approach is crucial for the discretization of electromagnetic boundary value problems, as shown in a microwave application example.
